ABSTRACT. We compute the numbers of locally principal ideals with given norm in a class of definite quaternion orders and the traces of the Brandt-Eichler matrices corresponding to these orders. As an application, we compute the numbers of representations of algebraic integers by the norm forms of definite quaternion orders with class number one as well as we obtain class number relations for some CM-fields.
INTRODUCTION
Let R be the ring of integers in a global field K and let A be an Rorder in a quaternion algebra A over K. Recall that A is a central simple algebra of dimension four over K and A is a subring of A containing R, finitely generated as an R-module and such that KA = A. The paper is concerned with numbers of locally principal one-sided ideals in A with given reduced norm. These numbers play an important role in different arithmetical contexts. In particular, they are related to the traces of the Brandt-Eichler matrices corresponding to A and to the numbers of elements in A representing a given element in R by means of the reduced norm.
In Section 1, we recall some necessary notions related to orders, in particular, to Brandt-Eichler matrices. In Section 2, we show how to compute the traces of these matrices for a broad class of quaternion orders. In Section 3, we apply our computational results in two different ways.
First of all, if A is a totally definite order of class number one (for the definitions see Section 1), we get exact formulae for the numbers of elements in A with given reduced norms. In particular, this gives a unified method of proving formulae for numbers of integral representations by quaternary quadratic forms when such formulae can be expected, for example, by sums of four squares (Jacobi) or by x2 + y2 + 2z2 + 2t2 (Liouville) in the case of the rational integers, and in similar cases over the integers in algebraic number fields. Non-analytical proofs of such formulae in different special cases over the rational integers can be found in [6] , Chap. IX, [12] and [14] . (see [7, 10] for f E a1 = a, ... , am represent all orbits f or the action by multiplication of R*2 on the set R*a, 6a = 1 or 0 depending on whether a is a square in R or not, h(S) is the class number of the locally principal ideals in S and eU(A) (S, A) = Notice that a = 1 in the last theorem gives an expression for the class number of A (see (1.1)).
NORMS OF LOCALLY PRINCIPAL IDEALS
In this section, we show how in some cases, it is possible to easily compute the left hand side in Eichler's trace formula. Throughout the whole section, we assume that R is a complete discrete valuation ring with maximal ideal m = (7r) and finite residue field R/1rR. We also assume that A is a quaternion K-algebra. Let q be the number of elements in R/1rR.
For simplicity, the number of principal left ideals in A whose norm is equal to (1rm) will be denoted by L(A, m) (later we return to the notation from Section 1: t(A, mm)). The following result is well-known (see e.g. [9] , §2): Hurwitz [12] for sums of four squares and Dickson [6] , Kap. IX, in many other particular cases of such forms. Recently, it was also discussed in [14] in case of maximal orders over the integers. Let us consider some specific examples. Since e(A¡ Q9 Z2) = 0, using Proposition 2.4, we get 1 There is a mistake in [3] -the quadratic form x2 + y2 + 3z2 + xy defines a quaternion order with class number two. Thus the number of isomorphism classes of definite quaternion orders over the integers is 24 and not 25 as claimed there.
Noting that I = 4, we get from (3.2) Liouville's formula (see [7] , p.227):
A is a Bass order with e(A 0 Z2) = 0. Therefore applying (2.4), we get
The formula (3.2) gives the well-known Jacobi theorem:
where f = x2 + y2 + z2 + t2.
Using the same methods, it is equally easy to get similar results for all quaternary forms corresponding to other orders with class number 1 in the case of rational integers (compare [6] , Kap. IX for x2 + y2 + cz2 + ct2 with c = 1, 3, [14] for the five maximal orders and [5] ).
(b) All definite quaternion orders with class number one over the rings of integers in totally real algebraic number fields are not known. However, all maximal orders (or even hereditary) with this property over the real quadratic extensions of the rational numbers are known (see [16] , p. 155). The formula (3.2) in these cases is very simple like in the case of rational integers considered above. A more interesting case, which was studied intensively by analytical methods (see [10, 8] ) is the case of quaternion orders whose norm forms are sums of four squares over the integers R in real quadratic fields. Let A = R + Ri + Rj + Rk, where as before i2 = j2 = -1, k = ij = -ji. We have 1(A) = (4), so A is never hereditary and its properties depend on the ramification of (2) [10] ) and later by Dzewas (see [8] , Satz 35) using analytical methods.
As we noted in the introduction, Eichler (c) The class number relations are particularly simple when the quaternion algebra is unramified at all finite primes. For One easily checks that a(A) _ (1). If a quadratic R-order S can be embedded into A, then it must be totally definite over R. If it is generated over R by a zero of g(x) = x2 + sx + a, then s2 -4a must be totally negative, and as a consequence, a must be totally positive. 4a where f S E R and -~s is the discriminant of K( s2 -4a). Let gives where Q(a) is the sum of the norms of the ideal divisors of (a), and The numbers As) correspond to different indices Let S' and Rl = ~ ~ 1 ~ be the groups of roots of unity in S and R. Then S* = 81 R* according to [11] , Satz [7] , p. 108, and also [15] 
